The production of a textile yam involves the drawing out of a thick intermediate web of fibres (sliver) by a process known as drafting. In the present paper, a mathematical study is made of the dynamical mechanism of drafting, with the object of investigating the effect of relevant factors on the irregularity of the yam produced.
(a) Outline of problem
One of the fundam ental operations in the production of textile y am from fibres is the process of drafting. I t consists in the drawing out of a thick interm ediate web of fibres, or sliver,* by one of two methods. In the first method, roller drafting, the sliver is passed between two pairs of rollers moving with different speeds, resulting in a reduction of thickness determined by the ratio of the roller speeds. The second method, mule drafting, is an interm ittent process in which successive lengths of sliver are gripped, extended and then wound on a bobbin. The two methods of drafting are described more fully in § 1 (6).
I t is im portant th a t the product of drafting should be as uniform as possible, because irregularities in the final y am not only decrease its effective strength, leading to breakages in spinning and weaving, b u t m ay also spoil the appearance of the woven fabric. The sliver thickness after drafting depends on the laws of motion of w hat are known as the 'floating fibres For instance, in roller drafting, in which the distance between the rollers is usually arranged to be slightly greater th an the length of the longest fibres, the short (floating) fibres are exposed during their passage between the rollers to the action of other fibres moving with different speeds. A sim ilar effect is obtained in mule drafting, and the sliver thickness after drafting will in both cases depend on how the floating fibres have moved during drafting.
The aim of a theory of drafting is therefore to relate the changes of sliver thickness to the physical properties of the sliver and of the drafting mechanism, by relating them both to the statistics of fibre motion. Now the thickness of a sliver, defined a t each point of its axis by the num ber of fibres in the cross-section there, f is a typical example of a continuous time series.
A brief outline of the relevant parts of the theory of time series will be given in § 1 (c), but the application of the theory to such phenomena as Brownian motion, electrical noise and the fluctuations of economic'series is now standard. The behaviour of sliver thickness may be summarized by the mean, the standard deviation and either by the autocorrelation function or by the normalized spectrum (these last two functions and the relation between them are discussed in § 1 (c)), and it is required to calculate the values of these statistical properties of thickness after drafting in terms of their values before drafting and the physical parameters of the sliver and the drafting machine.
Previous work on the changes of thickness in drafting has been experimental. The earliest work on the subject was by Balls (1928) , and his conclusion, th at in the roller drafting of cotton sliver a so-called 'drafting wave' is formed, has been con firmed and more deeply investigated in a series of papers by Foster and others, which has been summarized by Foster (1946) . Spencer-Smith & Todd (1941) have reported similar phenomena with flax, while the whole position has been reviewed, with particular reference to wool, in a recent Physical Society Report by Martindale (1946) . § 1 (d) of the present paper outlines some of Foster's conclusions about the drafting wave.
(
6) The process of drafting (i) Introduction
The present subsection gives a brief description of the two main types of drafting, roller drafting and mule drafting.
The methods used in drafting are similar in principle for all textiles, but the pre paratory processes depend considerably on the type of fibre. A short account of all the stages in the production of yam from wool fibres by the two distinct methods, worsted and woollen, is given in Martindale's (1946) 
(ii) Roller drafting
In roller drafting, the sliver is passed between two pairs of rollers moving with different speeds (figure 1). The ratio of the surface speed of the front rollers to the surface speed of the back rollers, called the draft, is often between and 10. The sliver is drawn out proportionally to the draft.
In the worsted process for the production of yarn, drafting starts from a sliver formed from large numbers of approximately parallel fibres of different lengths. This is passed through a series of drafting operations, and drafting is combined with doubling-the placing side by side of different lengths of drafted sliver to form a new thick sliver which is again drafted. Doubling leads, in general, to a more regular yam .
In worsted roller drafting, the distance between the rollers is arranged to be slightly greater than the length of the longest fibre. Now if every fibre moved w ith the speed of the back rollers until it was actually gripped by the front rollers, the positions of the fibres after drafting would be known directly in terms of their positions before drafting. B ut in practice this does not happen. As the short fibres move between the rollers they are subjected to frictional forces due to contact w ith fibres moving w ith speeds between the back roller and front roller speeds, and the exact motion of the short fibres depends on the nature of these forces.
As the sliver gets thinner a small am ount of tw ist is inserted to bind it together. In the woollen process the fibres are much shorter and are not parallel, and the initial sliver is much thinner and is only drafted once.
(iii) Mule drafting
In the previous subsection an account has been given of roller drafting, and this is the more im portant method. Mule drafting is used in some forms of the woollen process, and it is of considerable theoretical interest as an alternative to roller drafting.
I t has been seen th a t roller drafting is continuous. Mule drafting is interm ittent; a length of sliver is gripped, extended and then wound on a bobbin. The sequence is then repeated w ith the next length of sliver. Twist is inserted during drafting.
N ot all systems of mule spinning use mule drafting. For instance, although mule drafting is associated w ith mule spinning in the woollen process, roller drafting is used with mule spinning in the worsted process.
(c) Specification of a continuous stationary time series (i) General definitions I t has been pointed out in § 1 (a) th a t the study of the variability of sliver thickness involves the analysis of a continuous stationary time series.
The theory of such series has been discussed by m any authors, and so in the present paper the general concept of a stationary time series will be assumed known. I t will, however, be convenient to outline the definitions of the normalized spectrum and the autocorrelation function, and to state the relation connecting them. A more detailed account has been given by Ming Chen W ang & Uhlenbeck (1945, p. 326) . The theorems stated in this section will only be used in this paper in § 3.
Let {/(£)} be a continuous stationary time series which may be supposed to have mean zero. In the present case f(t) is the difference between the thickness a t point t and the mean thickness. The autocovariance of {/(<)} is defined by the equation
and the autocorrelation function pf(r) by *r) (l) In the usual statistical language, cy(0) is the variance of {/(£)}, relation coefficient between points r apart. Next assume the existence of and pf(r) is the cor-
and let
The function | f(j») |2 is called the spectrum of the time series and the function F(p) the normalized spectrum.
The autocovariance and the spectrum determine one another; in fact
In particular the variance cy(0) is given by
Therefore there is a similar relation to (4) holding between the autocorrelation function pf (r) and the normalized spectrum F(p). I t is f* 00
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This and the corresponding inverse relation are known as the Wiener-Khintchine theorem. Since F(p) is even, the integral is usually written as a cosine transform, but the above form will be used in the present paper.
If the limit (2) defining f(p) does not exist, a more general form of the theory due to Wiener (1930) is required. The analysis given here is, however, sufficiently general for the present application.
The mean, variance and normalized spectrum (autocorrelation function) do not in general completely specify a time series, but they are the only properties that will be considered here.
(ii) Application
In dealing empirically with records of sliver thickness, it appears preferable to use the autocorrelation function rather than the normalized spectrum.
Foster (1946) showed that for cotton sliver the correlogram (graph of auto correlation function) of sliver thickness after drafting is in many cases a damped harmonic curve of wave-length 2irjv, say.
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In such cases drafting is said to have produced a drafting wave. The value of the thickness of the sliver a t the front roller a t time* t has a maximum positive correla tion with the value a t time (t + r 2njv) and a minimum negative correlation w ith the value a t time [t + \(2r+ 1) 2tt/v], where r is an integer. The use of the term wave in this way seems a reasonable statistical generalization of its use for an ordinary sine wave, where the maximum and minimum values of the correlation are plus and minus one. Any series whose correlogram tends to zero for large lags, and takes alternately positive and negative values, is of a similar type, and Yule (1926) suggested th a t the term oscillatory should be used in such cases.
The normalized spectrum F(p) is still of interest. I f it has a maximum when equals v, then the correlation between f(t) and a sine wave of wave-length 2njp, has a maximum when p equals v, and so a period corresponding to this frequency will appear, on inspection, to show up above the random fluctuations.
As has been seen above, the normalized spectrum and the autocorrelation function are m athematically equivalent, and properly interpreted they give the same information. In the theoretical work in § 3 of this paper the discussion will be based on the normalized spectrum as it arises naturally.
(d) Previous work on drafting
A brief survey of the previous work on drafting has been given in § 1 (a). In this section a summary will be given of Foster's suggested explanation of the drafting wave.
I t was explained in § 1 (c) th a t Foster found th a t in most cases the correlogram of sliver thickness after drafting is of the damped harmonic form. H e gave empirical relations connecting the length of the drafting wave with the draft, tw ist and the distance between the rollers.
Foster suggested the following explanation of the drafting wave. Short fibres floating between the rollers are dragged forward by the more rapidly moving fibres already gripped by the front rollers. I f a thick place occurs a t th e front rollers, more th an the average num ber of fibres will be dragged forward. Thus a thick place passes through the front rollers leaving a thin place between the rollers. W hen this thin place reaches the front rollers, fewer floating fibres th an on the average will be dragged forward leaving behind a thick portion. The process now repeats itself.
(e) Scope of the present paper
In the present paper the equations governing the drafting of a very idealized model of a sliver will be formulated.
In § 2 the basic physical assumptions are described and the equations w ritten down. The physical assumptions have been chosen to apply to wool slivers. The drafting of slivers made of other fibres m ay require a different treatm ent a t some points, although the same general method should be useful. § 3 is devoted to the detailed discussion of a very special case-the fibre length is supposed small compared with the distance between the rollers (roller drafting) or with the length drafted (mule drafting). This additional assumption is reasonably valid for drafting in the woollen process but not in the worsted process. The equa tions become partial differential equations which should apply to the drawing out of plastic substances not necessarily made of fibres.
Theory of drafting. I 33 2. P hysical assumptions and formulation of equations (a) General remarks The equations governing the drafting of the idealized sliver will be formulated in § 6 (c), but first the physical assumptions will be outlined in § 6 (6). In § 6 (d) the assumptions are examined to see to what extent they agree with the properties of an actual sliver.
(6) Statement of assumptions The fibre mass will be treated as negligible. A reference axis will be taken along the axis of the sliver, and the position of a fibre will be specified by the co-ordinate of its right end and by its fibre chordthe difference in the co-ordinates of the right end and the left end. The fibre will be assumed to cross each section between its ends once only. I t will be postulated th at the fibre chords remain unchanged during drafting. This would be so, for example, if the fibres were all parallel to the axis (or if the sliver had constant twist) and there was no elastic extension of the fibres in drafting.
The average coefficient of friction between a pair of fibres moving with relative velocity
Av is a function of Av, < j > [ Av], say. I coefficient of friction between fibres not in relative motion is given by the limiting friction 0 [O] . In some cases it will be necessary to work with a special form for (f> [ Av] , namely,
In some types of drafting oil is mixed with the fibres, and then the friction may be expected to be of the viscous type, when the law (6) would hold. I t will be assumed that in taking an average over all contacts at a given point between pairs of fibres of given chords, whose right ends are in specified positions,
This implies th at the function <j)\_Av\ is linear, or alternatively th at all fibres in the same position have the same velocity. The average normal pressure (force per unit length of contact) between two fibres in contact at x will be taken to be a function of the thickness at x, and of the time.
For the thickness at a point may be assumed to determine the twist there, and the twist determines the compressive forces holding the fibres together.
It will be necessary to calculate the average number of contacts between z and z + dzof fibres having their right ends in specified intervals (w, w + dw) and (y, y + dy). It will be assumed that the fibres at z occupy an area proportional to the total number Vol. 197. a. of fibres in the cross-section there, and th a t the fibres from y and from w cross this area in points distributed randomly over the area.
Finally, the number of fibre contacts m ust be sufficiently large to justify the use of average coefficients of friction, average numbers of contacts, etc. The variations in coefficient of friction, in normal pressure, and in numbers of contacts will be assumed independent, so th a t the average of a product is the product of the averages of the separate factors.
First of all consider a sliver with one end fixed ( = 0) and with a force r(t) applied a t the other end. be the number of fibres which a t time t have chord end between
x and x + dx. A t time t the total number of fibres in the cross-section a t x is where L is the length of the longest fibre. Consider the set S(x) of fibres with right ends to the right of x (see figure 2 ). There are three types of force acting on the fibres in the set S(x):
(i) the applied force r(t); (ii) the friction between a fibre in S(x) and a fibre not in S(x), i.e. whose right end lies to the left of x;
(iii) the frictional forces between pairs of fibres both in S(x).
(c) Formulation of equations
Let n(l,x; t)dldx The forces making up (iii) balance out in pairs. Therefore since the fibre mass has been assumed negligible, the first two forces are in equilibrium.
I t is now necessary to calculate the frictional force (ii). Consider two fibres both intersecting the cross-section a t and having right ends between w and w + dw (w>x), and y and The chance th at they touch between z and is adz/f(z, t).
The average friction a t such a contact is 9[f(z> *)> f\ t), ( 10) where g [f(z, t) t] is the average pressure between fibres in contact at z. The total force along the axis of the sliver developed a t such contacts, for fibres of chords between l and l + dl, and h and h + dh respectively, is ))n (l,w; t) <Udwxn (h,y; t)dhdy<f>[v(l,w', t) -v(h,y; $) ], (11) where v(l, x\ t) is the average velocity a t time t of fibres with chord l and right end a t x. The relation (7) has been used to express the average coefficient of friction in terms of the average relative velocity.
To get the total frictional force, the expression (11) 
W ith this is to be combined an equation of continuity
The functions n and v have been assumed to be differentiable. In a more general treatment there would only be an equation of continuity for the total number of fibres with right ends between x and x + dx, since the fibre chords would change in drafting. Additional equations would then be required expressing the laws governing this change.
Equation (13) simplifies considerably if all the fibres have the same chord l.
The equations have been obtained for a sliver gripped a t 0, and w ith a force r(t) applied a t the other end. The equations are therefore immediately applicable to mule drafting, but they also apply to roller drafting, provided the force applied to the sliver a t the front roller is uniformly distributed over the cross-section there. The end conditions to be satisfied in the two cases are, of course, different.
The problem is now this. A sliver whose initial thickness has given statistical properties (mean, variance and spectrum) is drafted in accordance w ith the above equations. W hat are the statistical properties of the thickness of the drafted sliver?
The mechanism of drafting as it has been formulated here is completely deter ministic. T hat is to say the result of drafting a given sliver is always the same. Randomness only enters through the initial conditions.
(d) Critical discussion
In the previous subsections the equations governing the drafting of the idealized sliver have been derived and the underlying assumptions described. In this sub section the physical assumptions will be compared with the properties of actual slivers.
The method adopted consists in writing down the equation of motion of the set S(x) of fibres whose right ends lie to the right of x. The inertial term is neglectedthis is in general an excellent approximation. For example, the force required to draft a length of wool sliver of mass lOg. is about 500 g. wt.
Experim ental evidence will be produced elsewhere to show th a t wool slivers behave as if the coefficient of friction, < j > [A t?], betw linearly with their relative speed Av. The explanation of this is not known yet and awaits a more detailed description of the motion of individual fibres in the sliver.
The most serious restriction on the analysis is the assumption th a t the friction between fibres not in relative motion can be calculated using the limiting friction 0 [O] . A more general treatm ent is desirable.
The equations have been developed to describe the drafting of slivers made from wool fibres. The same general methods should apply w ith other fibres.
To summarize, the assumptions on which the present paper is based are very simplified and require both extension and deeper analysis. The work does, however, show how such a very idealized sliver would behave when drafted.
3. D r a ft in g w h e n f ib r e l e n g t h is small (a) Introduction A very special case will now be treated in detail. I t will be assumed th a t the fibre length is small compared with the length of sliver being drafted.
The results obtained will be directly applicable to drafting in the woollen process. They will not, however, apply to worsted roller drafting, where the distance between th e rollers is arranged to be approximately equal to the length of the longest fibre.
In §3(6) the appropriate equations will be obtained from first principles, in § § 3 (c) and 3 ( d) mule drafting and roller drafting will be discussed, and the phy conclusions will be summarized in § 3 (e).
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The equations of drafting could be derived by applying a limiting operation to the equations of § 2. Instead, they will be obtained directly from first principles.
As before \etf (x, t) , called the thickness of the sliver, be the number of fibres in the cross-section of the sliver a t position x and time t. Let v(x, t) be the mean velocity there.
I t will be assumed that the mechanism of drafting and the form of the initial sliver are such that f(x, t) and v(x, t) are differentiable functions of x and t.
Consider the equilibrium of those fibres with right ends to the right of x. The num ber of contacts with fibres with right ends to the left of x is, to a first approximation, o f (x, t), since/(x, t) is continuous in x. The average relative velocity at the contacts is p dx ' where ft depends on the fibre chord distribution near x, and will be assumed independent of x.
The equation corresponding to (13) 
The equation (16) has been derived under the same conditions about the distribu tion of fibres as the more general equation (13). It is, however, valid under wider conditions. Suppose simply th at the force acting on substance to the right of x due to substance to the left of x is the product of a function of the thickness a t x with a function of the gradient of mean velocity at x. (This gradient measures the rate a t which the substance is being pulled apart at this point.) Then an equation of the form (16) is obtained.
When the equations (16) and (17) are considered in this way, it seems probable that they will govern the drawing apart of a general plastic material if inertia is neglected.
(c) Mule drafting In this section the solution of equations (16) and (17) will be obtained for end conditions corresponding to mule drafting.
Suppose that a length of sliver is gripped at -0 and that at the other end a force r(t) is applied. The sliver will extend and its length at time t will be denoted by a(t). It is required to find the thickness of the sliver at any time t.
The equations governing drafting are those that have been derived in the previous subsection. It should be observed that it has been assumed that the proportion of the frictional force contributed by static friction is negligible. This will only be the case if the sliver is drafting freely by fibre slippage. I t will be assumed th a t the variation in thickness is always small, so th a t t), the thickness a t position x and time t, can be w ritten
where powers of fi above the first can be neglected, and where F(t) is the mean thickness a t time t. Let the initial thickness of the sliver be given by
Now the velocity v(x, t) corresponding to the drafting of a uniform sliver is xV(t), where a(t) V(t) is the velocity, a'(t) of the free end.
On substituting into (16) and (17), it is found th a t
The equation of continuity is equivalent to
Equation (22) can be obtained directly since the total num ber of fibres in the sliver is unchanged in drafting, or it can be deduced from (21) by using the condition a t th 6 fre e e n d
a(t)V(t) = a'(t).
When F(t) is eliminated from (20) and (22), the load-extension curve of the uniform sliver is obtained. Now consider the small perturbation in thickness given by (18). L et the corre sponding perturbation in velocity when the force ) is applied to the sliver be given
v(x, t) = xV(t)+/iy(x,t).(24)
Substitute in equations (16) and (17), neglect terms in ji above the first, and use equations (20) and (21). Two partial differential equations for y(x,t) and z(x,t) are obtained. When y(x, t) is eliminated between them, a Lagrangian equation is obtained for z (x, t) . The solution satisfying the initial condition (19) is
where ©<() m exp r r
where gx [F(u) y u] .
The ratio F(0)IF(t) is the draft D(t).
Thus it has been shown th a t if the initial thickness of the sliver is
the thickness at time t is = J t y i j• (27) This is the general result upon which the discussion of mule drafting will be based. The function ©(£) depends on the behaviour of a uniform sliver when the force r(<) is applied to it.
To interpret (27) consider again the special case of a uniform sliver. The velocity a t a point x is v(x ,t) -xV(t)y (28) and the mean motion of a point on the sliver initially a t x0 is governed by the equation
If equation (21) is used the position of the point at time t is found to be
In the general case when the initial thickness is 0) equation (27) shows th at f(x, t) -F(t) is proportional to f(x 0, 0) -F0 ), x irregularities of the sliver maintain their form during drafting and move along the sliver with velocity xV(t). In other words, the whole pattern of thickness variation extends uniformly with the sliver. I t should be noticed, however, th at the motion of the actual fibres does not in general follow the pattern.
The equation (27) shows th at the standard deviation ox thickness of the length drafted has been multiplied by @(t) during drafting. The function 0(2) depends on the nature of the sliver (i.e. on the functions and g) and also on the function F(u) at all times between the beginning and end of drafting. Thus, in general, the change in standard deviation depends on the way the force r(t) varies, and not only on the total draft. For instance, the change in standard deviation for drafting at constant force will depend on the value of the force, and for drafting at constant rate of extension will depend on the rate of extension. Equation (26) can be used to find 0(£) for any system; in what follows two further assumptions will be made which greatly simplify the calculation of ©(<).
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Suppose first that (31) and secondly that The equation (32) has a simple physical interpretation. For a given sliver the value of ga t a point is determined by the twist there, and this in turn is determined by the thickness at the point, and the average twist in the sliver. Now if a sliver is drafted and no additional twist is added, the average twist decreases as the length of the sliver increases. Thus in this case g is not simply a function of thickness. If, however, as drafting proceeds additional twist is inserted in such a way that the average tw ist is kept constant, then gi s a function o in equation (32)). This is w hat happens in practice.
W ith these two assumptions (31) and (32), it is found (after using equation (21)) th a t
The equation (33) is valid for any g [f] . For the ratio of the final standard deviation to the initial standard deviation to be small, g [f] should increase with decreasing/as rapidly as possible. In physical terms the tw ist should be as high as possible. Of course a practical limit is set by the introduction of fibre breakage.
When < J> q -0, 0 (0
is equal to g[F(0)]/g[F(t)]
and is determined by the draft. The way the drafting force varies with time is irrelevant. When this is not so, and this case m ust be investigated more closely. Now the function F(u) in equation (33) is the thickness a t time u when the given force r(u) is applied to a uniform sliver. If, however, as happens in practice, drafting is a t constant rate of extension V0, then, to a first approximation, F(u) can be taken as the thickness a t time u when the uniform sliver is extended a t the constant rate VQ . The function 0 (0 can be evaluated for general g [f] , b u t it is convenient to make the additional assumption th a t
where Oi s a constant a n d / (0) is less than the least thickness of the sliver. This form of g [f] has been chosen to show the effect of inserting tw ist in the sliver. Twist tends to run into the thin places increasing the pressure there, and to represent this, g[f] increases w ith decreasing/.
I t is found th a t Now D exceeds unity and so < » Thus increasing V0 and decreasing < pQ decreases the final standard deviation, since in practice (J)Q is positive.
The main results of the present subsection can be summarized as follows. E quation (27) shows the result of the mule drafting of a sliver w ith general friction-velocity and pressure-thickness laws. To obtain this equation it has been assumed th a t the fibre length is short compared with the length drafted, and th a t the sliver drafts freely w ith only a negligible portion of the frictional force contributed by static friction.
The interpretation of equation (27) is th a t the whole p attern of thickness variation extends uniformly with the sliver. The change in the standard deviation of thickness of the length drafted depends on the friction-velocity and pressure-thickness laws, on the total draft, and on the way the drafting force varies with time. A special case, when the coefficient of friction is given by (31) and tlie pressure by (34), has been investigated in detail. When drafting is at constant rate of extension, V0, the change in standard deviation of thickness depends on in the way shown by equation (35).
(d) Roller drafting (1)
Qeneral remarks
The solution of the equations for roller drafting will now be considered, the fibre length still being assumed small. In (ii) the mathematical theory is outlined, and in (iii) the physical significance of the results is discussed. In (iv) a very brief dis cussion is given showing how modifications of the drafting machine can be represented in the theory.
Two types of roller drafting will be considered here: (1) drafting a t constant force, (2) drafting at constant roller velocity. The second is the practical case, but the investigation is simpler for the first type of drafting.
In drafting a t constant force, the total force applied at the front roller is constant, and the velocity of the front roller varies, depending on the amount of material between the rollers;. In drafting at constant roller velocity, the total force varies in such a way th at the velocity of the front roller is constant.
Other types of drafting, in which the applied force and the roller speed are made to depend on the thickness of sliver between the rollers, are of practical importance and can be analysed by the methods of this section. I t will be assumed th at the coefficient of friction Av] = 0xAv and the average normal pressure g [f(x, t) , t\ = g[f(x, £)]. These two forms have been discussed previously, the form for < j > [A v] corresponds to viscous flow, significance of the assumption about g has been discussed in the previous subsection (equation (32)). The form for g should always be valid in roller drafting.
(ii) Mathematical theory
The equations of drafting, (16) and (17), become <*»[/(*.*)]/(*,<) 0 = *■(<).
[/<*• *) •<*. 0] = 0.
The first equation will be rewritten as
where the constant {puf>xfi) has been absorbed into the function g. A steady solution will be found for equations (37) and (38) corresponding to the drafting of a uniform sliver. A small perturbation from the steady state will then be considered.
To find the steady state, place
f(x,t) = F(x), v(x,t) = V(x), r(t) = R,
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where F0 and V0 are the values of F(x) and V{x) a t the back roller ( 0). Equation
Introduce a small perturbation from the steady state solution, and write
where ju, is small. Only the first order terms in fi will be retained.
g[f(x, <)] = g[F{x
and so the equations (38) and (39) become
F X glF m F 'ixy K °}
To solve these equations it seems particularly appropriate to use the m ethod of Fourier transforms, since it has been seen above th a t the properties of a tim e series are intim ately connected with the Fourier transform. Suppose then th a t the mean values of y, z and w are zero and introduce the transforms y (x, p), z(x, p) , w (p) as in § 1 (c), equation (2). Thus, for example,
I f the above Fourier transform ation is applied to the equations (45) and (46), two ordinary differential equations are obtained. The end conditions for these equations are:
y ( x ,p) = 0 a t = 0;
The first equation says th a t the velocity of the back roller is constant, while z 0(p) is the Fourier transform of the small variation of thickness fed in a t the back roller.
A third condition is required and will depend on the type of drafting. For drafting a t constant force w (p) = 0;
for drafting a t constant roller velocity
where a is the distance between the rollers. Now y(x, p) can be eliminated between the two ordinary differential equa and after some reduction the following equation is obtained for z(x, p):
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From this the solutions for drafting a t constant force and for drafting at constant velocity can be found. The value z x{p) of z(x, p) at the front roller ( = a) is required. For drafting a t constant force, it is found th at
For drafting at constant velocity
where
and
The functions | m (r)(p) |2 and | m (v)(_p) |2 will be called spectrum multipliers.
The discussion of roller drafting will be based on the two equations (67) and (68). I t follows from the results stated in § 1 (c) th at the ratio of the standardized variance of thickness after drafting to the standardized* variance before drafting is f \Z iiP )\* d p l( \z 0(p)\*dp.
Also the autocorrelation function after drafting can if required be obtained by inverting the normalized spectrum. Thus the equations (62) and (63) give the statistical properties of the sliver thickness after drafting in terms of the properties before drafting. One property of the spectrum multipliers | m (r)(p) |2 and | m (r)(p) |2 th at will be required later, is that they both have the same limit as p tends to infinity. In fact Explicit expressions for the actual thickness variation zx(t) can be found either by inverting (52) and (53) or directly by solving the partial differential equations (45) and (46) by the method of Monge. The final thickness is found to be a linear moving average of the initial thickness.
The equations (52) and (53) give solutions for a general pressure function g [f] . In the present paper the solutions for two particular forms of g [f] will be considered in detail, one form to represent a twistless sliver and one to find the effect of the binding action of twist in thin places. Now when the effect of twist can be neglected and the cross-sectional area of the sliver is proportional to the number of fibres in it, the average normal pressure a t a point of the sliver between the fibres there will be independent of thickness:
The steady state solution corresponding to the drafting of a uniform sliver is then
and so the draft D is given in terms of the distance a between the rollers by (57) The general equations (52) and (53) express the spectrum multipliers in term s of an integral I (p) given by (54). In the present case the equation for I(p ) gives
The spectrum multipliers can now be evaluated, and it is found th at for drafting at constant force
and for drafting a t constant velocity
The real and imaginary parts of E (Ap) are respectively the difference of two cosine integrals and the difference of two sine integrals. Thus E(Ap) can be found from standard tables, and so the final spectra, | Z i\p ) |2 and | Z i\p ) \2, can be evaluated in terms of the initial spectrum, | z0(p) |2, and the constants D and A .
The function | z0(p) |2 characterizes the initial sliver, and the constants D and A characterize the drafting machine. The constant D is the draft, and so it remains to give the physical interpretation of A . The formula (58) for A can be rewritten, using the expression (57) for the draft, A = aj{V0logD).
The dimensions of A are those of time, and for fixed draft and back roller velocity, A is a measure of the distance between the rollers. I t can be shown th at the mean time taken by a fibre to pass between the rollers is (D -\)A jD . The analysis is very similar when the effect of twist is represented by the pressure
The solution is expressed in terms of three parameters. The first, Jc, characterizes the twist in the sliver,
the second is the draft D, and the third, B, has the dimensions of time, and is such th at
is equal to the time th at a fibre would take to move between the rollers if it continued to move with the speed of the back rollers. The explicit expressions for the spectrum multipliers can be written down from the general relations (52) and (53). The detailed expressions will not be given here as they are cumbersome. Some numerical results are reported in the next subsection.
(iii) Discussion of solution
The mathematical discussion of roller drafting has been given in § 3 (d) (ii). In the present subsection special cases will be discussed numerically, and the physical significance of the conclusions considered.
The case when the initial thickness variations are not autocorrelated (i.e. are completely random) _ Po(T) = A I 7 " (<" > will be considered first. This form for p0( t) can only be approached as a limiting case, since for the thickness to be continuous and differentiable there must be high correlation between the thickness at points a short distance apart (see, for example, Slutzky (1928) ). However, the form (67) can be used if the autocorrelation function is nearly unity for lags r comparable to the fibre length, and nearly zero for lengths comparable to the distance between the rollers. I t can be deduced from the result that the spectrum multipliers tend to the con stant value (55) at infinity, th at the thickness after drafting still has autocorrelation function (67), and that the ratio of the coefficient of variation of thickness after drafting to the coefficient of variation before drafting is m n m n i D i where F0 is the initial mean thickness. In the special case of a twistless sliver in which the pressure function g [f] is constant, the effect of drafting is to multiply the coefficient of variation by the draft D. When the effect of the insertion of twist is represented by the pressure function (64) 9[n = ofjtf f wIF0 = k, where the coefficient of variation is multiplied by D( 1 -Dk)/(1 -k) , and since D exceeds unity, this decreases w ith increasing k (i.e. increasin on physical grounds. I t should be emphasized th a t the above results only hold when the initial thickness variations have zero autocorrelation, as given by (67). W hen the initial autocorrela tion function of thickness is not of this form it is necessary to find the change of the coefficient of variation and of the spectrum numerically, by determining the spectrum multipliers from the formulae given above ( (52) and (53)).
This has been done for drafting w ithout tw ist with alV0 = 2 log 2, 2 and 8.
The notation has been explained in the previous subsection. The time a fibre would take to move between the rollers if it continued to move with the speed of the back rollers is ajVQ , and this, together w ith the draft , characterize the drafting machine. The effect of the insertion of tw ist has been examined by taking the pressure law The choice of the initial spectrum is a t this stage arbitrary. I t can, however, be seen th a t the general form of the spectrum after drafting does not depend critically on the exact form of the initial spectrum, and th a t the general conclusions set out below are deduced from the form of the spectrum multipliers, and will hold for a broad class of initial spectra. The exact initial spectrum used has been chosen to correspond to a linear moving average of extent one-half:
The initial spectrum is plotted in figure 4 and the spectrum multipliers and the spectra after drafting in figures 5 to 7.
The thickness of the sliver before and after drafting has been specified by the thicknesses a t the back and front roller at a given time. Thus the argument p of the spectra is of the form 27r/wave-length, where the wave-length is measured in time. To convert into the form 277 / wave -length, where the wave-length is measured along the sliver in units of the distance, a, between the rollers, divide the value of by 2 log 2 for the initial sliver, and by 2 Dl og 2 for the final sponding to 2?r/(distance between the rollers) is marked on all the figures.
Theory
The initial spectrum has been normalized and the final spectrum has not been normalized, so th a t the area (from zero to infinity) under the final spectrum gives the ratio I coefficient of variation after drafting V 2 (coefficient of variation before drafting/ The main conclusion for drafting w ith g [f] constant is th a t when drafting is a t constant roller velocity, a drafting wave is formed for a broad class of initial spectra. The drafting wave is very pronounced a t the higher draft (eight), and in this case there are a t least three prominent peaks in the spectrum multiplier, which will lead, for most initial spectra, to peaks in the final spectrum. A t the lower draft (two), the tendency to oscillate is less. However, for m any initial spectra which steadily decrease for values of p between zero and ten, a single peak is formed in th e final spectrum.
A drafting wave is much less likely to be formed when drafting is a t constant force, b u t for most initial spectra the coefficient of variation of thickness is greater after drafting a t constant force than after drafting a t constant roller velocity. This is very reasonable physically. For in drafting at constant force a thick portion of sliver between the rollers reduces the roller speed, leading to a reduced draft. I f the initial thickness variations contain a period corresponding to the peaks in the spectrum multiplier, the above conclusion is not true, and drafting a t constant roller velocity leads to a large increase in the coefficient of variation of thickness.
*The pressure-thickness law g[f] = (?//(/-/ (0)) which has been taken to simulate the effect of twist, appears both to reduce the coefficient of variation of thickness and to suppress the tendency to oscillate. This suppression of the drafting wave is not in accord with Foster's experimental conclusion th a t in the roller drafting of long fibres tw ist accentuates the drafting wave.
The coefficient of variation of sliver thickness is less after drafting a t constant force than after drafting a t constant roller velocity in the special case considered.
(iv) Two generalizations I t will be convenient to mention briefly a t this point two generalizations of the work on roller drafting. B oth refer to attem pts to reduce the increase in irregularity of thickness th a t occurs in drafting.
In the Casablanca system of drafting, the normal pressure is varied along the axis of the sliver. The aim is to increase the control over the fibres near the front roller. This device can easily be represented in the general drafting equations by replacing the pressure function g [f,t] by g [f,t] A (x). In the particular case when the fibres are all short, equation (38) is generalized to = r(t).
When A(x) = ekx a solution for the spectrum multiplier can be obtained by the methods of § 3 (c).
Another method of attempting to reduce the thickness variations is to vary the force applied a t the front rollers (and so the front roller velocity) in a way depending on the thickness of the sliver fed in a t the back roller. The idea of doing this appears to be well known in the textile industry, although I have been unable to find published work on the subject. If the notation of § 3 (c) is used, fiw(t) is the deviation of applied force and fiz0(t) is the deviation of initial thickness, both measured from their mean values. The most general linear mechanism of the type being considered would make the deviation in applied force a function of the initial thickness, past, present and future, and so would give 
J -\00
The spectrum multiplier | m (6)(p ) |2> corresponding to the weighting function b(u), can be found by following the method given in § 3 (c). A detailed discussion will not be given here, since a device of this form is only likely to be used in drafting long fibres. There is, however, one point of immediate interest. I t can be shown th at provided |b(p)|=o(p) as oo, and for given initial spectrum can only be reduded in size by reducing | |2. The above result shows that the type of mechanism considered can only reduce | m (b)(p) |2 for small values of p. Now for the smaller drafts at least it is the rise of | m (p) |2 from small p to large p that produces the drafting wave. I t is therefore possible th at in a mechanism of this form reduced variance will be accompanied by an increased tendency to give a drafting wave.
The results of (iii) comparing drafting at constant force with drafting at constant roller velocity exemplify this conclusion. Drafting at constant velocity leads to reduced variance and to an increased tendency to give a drafting wave. The Buxton rotating-mirror camera has been used for the precise determination of velocities of detonation in cylinders of cast t .n .t . The method has an advantage over the indirect Dautriche method in that it affords a direct measure of the velocity. The effects on the velocity of detonation of the following variables have been studied in so far as each can be independently varied: (a) the purity and crystal size, (6) the diameter and (c) the degree of confinement. Correlation of the observations with those of the velocity of detonation shows that cast t .n .t . may undergo stable or unstable detonation according as the crystals are small or large respectively. The unstable regime is characterized by the failure of the detonation wave to be propagated uniformly over the full cross-section of the cylinder of explosive. The velocity of detonation of t .n .t . rises as the diameter of the cylinder is increased from a ' boundary diameter \ below which there is no propagation, to a ' limiting diameter * at which the velocity reaches a maximum value. In castings of density 1*625 the maximum velocity is 6950 m./sec. The value of the boundary diameter is a measure of the sensitivity to propaga tion. The effect of heavy confinement is to reduce the boundary and limiting diameters; the maximum velocity, however, remains unaltered and confinement has therefore the same effect as an increase in diameter in an unconfined charge*
